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The existence of 3-quasi-groups with two and eight conjugacy classes is in- 
vestigated and several infinite classes of orders of such quasi-groups are found. 
New 3-quasi-groups are constructed from sets of quasi-groups derived from Steiner 
quadruple systems. These derived quasi-groups are altered so as to destroy certain 
identities satisfied by the 3-quasi-group originally associated with the quadruple 
system. Only the appropriate identities for the required number of conjugacy 
classes remain satisfied by these reconstructed 3-quasi-groups. 
1. INTRODUCTION 
Conjugate quasi-groups or parastrophes [l] have been studied by Stein 
[ 111, Sade [lo], and more recently by Lindner and Steedley in [S). The lat- 
ter have shown that ordinary quasi-groups exist of every order 24 with a 
prescribed number of conjugacy classes and have suggested that the problem 
be studied in higher dimensions. 
The problem is here extended to ternary quasi-groups (a set Q with a can- 
cellative, ternary operation (, ,)) and investigated for two and eight con- 
jugacy classes. Although the problem is not completely solved in these cases, 
several infinite classes are found. These results are summarized in Theorem 
5.4. 
The remaining conjugacy classes in three dimensions are discussed in f9]. 
The techniques used in [9] are primarily algebraic, whereas here they involve 
Steiner quadruple systems. 
* This paper consists of a part of the author’s Ph.D. thesis, McMaster University, 1977, 
written under the supervision of Professor Alexander Rosa. The preparation of the paper while 
at the University of Alberta was supported by the NRC Grant of Professor A. Meir. 
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2. CONDITIONS FOR EXISTENCE 
DEFINITION 2.1. A conjugate operation (, ,>, associated with a given 
ternary quasigroup (Q, (, ,)) is defined by (a,,,, , an(z), on(3))z = uzc4) if and 
only if (a,, a*, a3) = a4 for all ai, i = l,..., 4 in Q, where nE S,. Then 
{<Q, L ,),>h E S,} is called the set of conjugacy classes of (Q, (, ,)) and is 
denoted by C(Q, (, ,)). ] C(Q, (, ,))I is then called the conjugacv class num- 
ber. 
It has been shown by Lindner in [8] that ] C(Q, o)] is always a divisor of 
( S, ( = 3! for ordinary quasi-groups. This result may be easily extended to 
ternary quasi-groups and, in fact, also follows from Corollary 5.2.1 of [2]. 
Here, let E be the set of all ternary operations (, ,) on Q. Then S, acts on E 
according to x((, ,)) = (, ,), and S = {x( (, ,))/n E S,}, for some fixed ele- 
ment (, ,) of E, forms a set of transitivity of E. The permutations of S, 
which fix (, ,) form a subgroup of S4 of index / S ] = ) C(Q, (, ,))I. 
[ C(Q, (, ,))I can be determined by which algebraic identities (Q, (, ,)) 
satisfies (see also [S]). In particular, one may specify an identity Li such 
that (, ,) = (, ,)xj if and only if Li holds in (Q, (, ,)), i = l,..., 24. For ex- 
ample, if x=(1 2 3 4) and (,,>,=(, ,}, then (a,b,c)=d and 
(a,b,d)=c in (Q, (, ,>) or simply (a, b, (a, b, c)) = c, V a, b, c E Q, which 
becomes L. 
The Table I lists these explicitly. 
TABLE I 
Corresponding Corresponding 
Permutation q identity Li Permutation 7~~ identity Li 
1. 1234 (a, 6 (a, b, d) = d 
2. 2134 (a, h c) = (b, 4 c) 
3. 2143 (a, b, (b, e, d)) = d 
4. 1324 (a, b, c) = (a, c, 6) 
5. 4231 ((4 b, c), b, c) = d 
6. 4321 ((4 c, b), b, c) = d 
7. 3214 (c, b, a> = (a, 6, c) 
8. 3412 (a. (c 4 a), c) = d 
9. 1432 (a, (Q> 4 c), c) = d 
10. 2314 (c, a, b) = (a, b, c) 
11. 3124 (b, c, a> = (a, b, c) 
12. 2431 (a, (4 a, c), c) = d 
13. 4132 ((b, d, c), b, c) = d 
14. 3241 (a, b, (4 b, a>> = d 
15. 4213 (c, b, (4 b, c))= d 
16. 1423 (a, (a, G 4, c> = d 
17. 1342 (a, b, (a, d, b))=d 
18. 4123 ((b, c, 4, b, c>= d 
19. 4312 ((c, 4 b), b, c> = d 
20. 2341 (a, b, (d, a, b)) = d 
21. 2413 (a, Cc, a, 4, c) = d 
22. 3142 (a, b, (b, d, a)) = d 
23. 3421 (a, (4 c, a), c) = d 
24. 1234 (a, b, c)=d 
The following theorems outline exactly which identities must be satisfied 
by (Q, (, ,)I, in order that ( C(Q, (, ,))I = 2 or 8. 
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THEOREM 2.2. One has ) C(Q, (, ,))I = 8 ifand only ifexactly one ofthe 
following set of identities is satisfied and no other identity is: 
These correspond to all possible subgroups of order 3 of S,. 
THEOREM 2.3. One has 1 C(Q, (, ,)>I = 2 if and only f (Q, (, , )) 
satisJies those and only those identities corresponding to the alternating sub- 
group A, of s4, which is: (713, %, 718, %O, x11, 752, 753, 7%4, %, 7116s %, 
7524 I* 
DEFINITION 2.4. If (Q,o) is an ordinary quasi-group and a 0 b = c 
implies b o c = a and c o a = b for all a, b, c E Q, then (Q, 0) is called a 
cyclic quasi-group. This corresponds to requiring that a 0 (b 0) = b for all a, 
b E Q. cf. [5, 61.) 
THEOREM 2.5. Let (Q, (, ,)) be a 3-quasi-group satisfying the identities 
in set (i) of Theorem 2.2, 1 < i < 4. Then one may derive a set of cyclic 
quasi-groups {(Q, oJ/j = 1, 2 ,... ) Q 1, i = l,..., 4)from ((2, (, ,)). (cf, [4, 71.1 
Proof: Let Q = {l,..., n}. (Q, ou) is defined by a 0 ij b = c if and only if 
{a, 6, c) =j, a, b, c E Q. (Q, ozj) is defined by (a, b,j) = v. (Q, oSj) is defined 
by (a,j, 6) = c, and finally (Q, odj) is defined by (j, a, b) = c. 
The next theorem results from Theorem 2.3 and an investigation of the 
generators of A,. 
THEOREM 2.6. / C(Q, (, ,))I = 2 if and only ifat least two of the identity 
sets (1) to (4) are satisfied by (Q, (, ,) and at least one (Q, oii) is noncom- 
mutative. (a oij b + b oij a for some a, b E Q.) 
THEOREM 2.7. / C(Q, (, ,))I = 8 ifand only 8: 
(1) CQ, 6 >>I t f sa is tes an identity set (i) of Theorem 2.2, but does not 
satisfy some other of these identity sets. 
(2) Some (Q, oij), j= 1,2 ,..., / Q j is noncommtrtative. 
ProoJ: The identities in a specific set together with the commutativity 
identity in the derived cyclic quasi-groups correspond to permutations which 
beiong to the same subgroup of order 6 of S,. 
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3. THE CASE OF 2 OR 8 CONJUGACY CLASSES FOR ORDERS <5 
THEOREM 3.1, There does not exist any ternary quasi-group of order 3 
with two or eight conjugacy classes. 
ProoJ It is not diflicult to see that every ternary quasi-group of order 
satisfies at least one of L,, L,, and L,, violating the conditions of Theorems 
2.6 and 2.1. 
THEOREM 3.2. There does not exist any ternary quasi-group of order 4 
with two or eight conjugacy classes. 
ProoJ: At least one of the identity sets (1) through (4) of Theorem 2.3 
must be satisfied. As any two of the four identity sets imply the rest, 
(Q, (, ,)) will have two or eight conjugacy classes only if there exists a 
(Q, oij), which is cyclic and noncommutative. An investigation of the possi- 
ble cyclic, noncommutative quasi-groups of order 4 shows this is impossible 
if the (Q, oii) is also to be a member of a set {(Q, oik), k = 1, 2,..., 1 Q I} of 
cyclic derived quasi-groups from (Q, (, ,)). 
THEOREM 3.3. There exists a ternary quasi-group of order 5 with eight 
conjugacy classes. 
Proof: Let (Q, (, ,)) be a ternary quasi-group defined on 
Q = { 1, 2, 3, 4, 5) as follows: 
(1, 2, 3)=1 
(1, 2, 4)=2 
(1, 2, 5)=3 
(1, 3, 4)=5 
(1, 3, 5) = 1 
(2, 3, 4)=2 
(2, 3, 5)=4 
(1, 4, 5)=5 
(2, 4, 5) =3 
(3, 4, 5)=4 
(2, 1, 3)=2 
(2, 1, 4) =3 
(2, 1, 5) = 1 
(3, 1, 4)=2 
(3, 1, 5)= 5 
(3, 2, 4)=4 
(3, 2, 5)= 1 
(4, 1, 5)=3 
(4, 2, 5)=4 
(4, 3, 5)=5 
(1, 1, 1)=4 (2, 1, 1)=5 (3, 1, 1)=3 (4, 1, l)=l (5, 1, 1)=2 
(1, 2, 2)=4 (2, 2, 2)=5 (3, 2, 2)=3 (2, 2, 4)= 1 (2, 2, 5)=2 
(1, 3, 3)=4 (2, 3, 3)=5 (3, 3, 3)=3 (4, 3, 3)= 1 (5, 3, 3)=2 
(1, 4, 4)=4 (2, 4, 4)=5 (3, 4, 4)=3 (4, 4, 4)= 1 (5, 4, 4)=2 
(1, 5, 5)=4 (2, 5, 5)=5 (3, 5, 5)=3 (4, 5, 5)=1 (5, 5, 5)=2 
The definition is completed so that L,, and L,, hold. However, one sees that 
(1, (3, 1, 2), 2)= 5, violating L,2, and that 1 oi, 2= 1, but 2 oI1 1 = 5. 
Therefore 1 C(Q, (, ,))I = 8. 
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THEOREM 3.4. There exists a ternary quasi-group of order 5 with exactly 
two conjugacy classes. 
Proof. Consider the following definition of a ternary quasi-group 
(Q, (, ,>) of order 5, which satisfies the generalized idempotent law. 
((x, x, x) = x = (x, y, y) = ( y, X, y} = ( y, y, x) for all X, y E Q.) The cyclic 
laws L,, and L,, are also satisfied. 
(1, 2, 3)=4 
(2, 1, 3)=5 
(1, 2, 4)=5 
(2, 1, 4)=3 
(1, 2, 5)=3 
(2, 1, 5)=4 
(1, 3, 4) = 2 
(3, 1, 4)= 5 
(1, 3, 5)=4 
(3, 1, 5)=2 
(1, 4, 5)=2 
(4, 1, 5)=3 
(2, 3, 4)== 5 
(3, 2, 4) = 1 
(2, 3, 5)=1 
(3, 2, 5)=4 
(2, 4, 5)= 3 
(4, 2, 5)= 1 
(3, 4, 5) = 1 
(4, 3, 5)=2 
Clearly L, is not satisfied. However Lr2 is. For suppose a = b. Then 
(a, a, c) = d = c implies (a, c, c) = a, by idempotency. If a + b, but c = a or 
b, (a, b, a) = b implies (b, b, a) = a. If c - b, (a, b, b) = a implies 
(b, a, b) = a. Therefore, if any two elements are equal, law 12 is satisfied. 
Now suppose the five elements in Q are a, b, c, d, and e and that (c, a, b) = d 
or e. Suppose in fact it is d. Then (a, (c, a, b), b) = (a, d, b). Suppose this 
equals e and not c. Then (a, d, b)= c. However (a,b,c) = d by the cyclic 
law, and so (a, c, b) must be e. But (a, d, b) = e then gives c= d and 
therefore (a, (c, a, b), b) = c. A similar contradiction is obtained if we had 
supposed (c, a, b) = e. By Theorem 2.8, ((2, (, ,)) has exactly two conjugacy 
classes. 
4. THE CASE OF Two OR EIGHT CONJUGACY CLASSES 
FOR ORDERS 8 AND 10 
DEFINITION 4.1. A Steiner system S(t, k, u) is a pair (S, B), where S is a 
v-set and B is a collection of k-subsets of S called blocks, such that a t- 
subset of S occurs in exactly one block of B. 
In particular, an S(3, 4, v) is called a Steiner quadruple system [3], 
From every Steiner quadruple system, it is possible to derive a ternary 
quasi-group (S, (, ,)) as follows : 
(1) (x, y, z) = f if and only if {x, y, z, t) forms a block of S(3,4, u), 
where x, y, z, and t are all distinct. 
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(2) Require (S, (, ,)) to satisfy the generalized idempotent law. (cf. 
PI and PI.) 
It is not difficult to see that (S, (, ,)) satisfies a generalized commutative 
law ((a, b, c) = (b, a, c) = ( a, G b)). Also (x, Y, (3, Y, (x3 Y, z>> = (x, Y, t>, 
where (x, y, z, t) E B, if x, y, z are distinct and so (x, y, (x, y, (x, y, z)) =z. 
These identities correspond to permutations which generate S,, implying 
(S, (, ,)) has only one conjugacy class. Such a 3-quasi-group is also called 
Steiner. 
Ordinary quasi-groups may also be derived from quadruple systems by 
fixing an element z of S. On S\{z}, define x oy = t, if and only if 
{x, y, t, z} E B or x =y, in which case x 0 x = x. (These may also be 
considered to be derived from the ternary quasi-group associated with 
S(3,4, v).) All these quasi-groups will be Steiner (idempotent, commutative 
and satisfy x 0 (x o y) = y). 
A reverse process is sometimes possible. 
THEOREM 4.2. Suppose a set of idempotent quasi-groups (Q,, 0 ,) . 
(Q,, 0,) are defined on the sets {2 ,..., n}, (3 ,..., n, l} ,..., { 1, 2 ,..., II - I} res- 
pectively, such that the following condition holds. If for each (Qi, oi), we 
derive a set of ordered triples {(x, y, z)~} where x 0 i y = z, x, y, z E Qi are all 
distinct, then (x, y, Z)i f (1, m, n)i for any i#j, X, y, z E Qi, I, m, n E Qj. 
(That is, all the triples of {(x, y, z)i i = l,..., n} are distinct.) Then there ex- 
ists a ternary quasi-group (Q, (, ,)) having the (Qi, oi) as derived quasi- 
groups. 
ProoJ Define (Q, (, ,)) as follows on the set { 1,2 ,..., n}. Let (x, y, z) = t 
if and only if (x, y, z)~ is a triple derived from (Q,, ot). Further, require 
(Q, (, ,)) to satisfy the generalized idempotent law. 
It is interesting to note that even if all the quasi-groups (Qi, oi) are Steiner, 
the resulting ternary quasi-group (Q, (, ,)) need not be. 
THEOREM 4.3. There exists a ternary quasi-group of order 8 with exactly 
eight conjugacy classes. 
ProoJ: Consider the Steiner quadruple system of order 8 given below on 
the~set S = { 1, 2, 3 ,..., 8). 
{L 2, 3, 4) (1, 4, 5, 7) (2, 4, 6, 7) 
{L 2, 5, 6) 11, 4, 6, 8) (3, 4, 5, 6) 
11, 2, 7, 81 {2, 3, 6, 8) I39 4, 7, 8) 
11, 3, 5, 8) {2, 3, 5, 7} {5, 6, 7, 8) 
11, 3, 6, 7) (2, 4, 5, 8) 
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Let (Q, (, 2) represent the associated ternary quasi-group and 
{ (Qi, oJ/i = l,..., 8) be the set of derived quasi-groups defined by a oi b = c if 
and only if (a, b, c) = i. 
A set of replacements will be constructed for the (Qj, oi), which will be 
used to reconstruct a new ternary quasi-group with eight conjugacy classes 
as in Theorem 4.2. 
Let (Qi, xl> and <Q 2, x2) be defined as follows, where it is assumed that 
axib = c, i = 1, 2, for all possible permutations of a, b, and c if only one tri- 
ple appears involving them, and otherwise, the cyclic, but not the com- 
mutative, law is satisfied. Both quasi-groups are idempotent. 
(2 3 4) 
(2 5 6) 
(2 7 8) 
(3 5 8) 
(3 6 7) 
(5 3 7) 
(6 3 8) 
(4 5 7) 
(5 4 8) 
(6 4 7) 
(4 6 8) 
(1 3 4) 
(1 5 6) 
(1 7 8) 
(5 3 8) 
(6 3 7) 
(3 5 7) 
(3 6 8) 
(5 4 7) 
(4 5 8) 
(4 6 7) 
(6 4 8) 
Let (Qi, xi) = (Qi, oi) for i = 3,4 ,..., 8. Then one can see by Theorem 4.2 
that a new ternary quasi-group (Q, (, ,)‘) may be formed by replacing 
(Qj, oi) by (Qi, xi), i= 1, 2,..., 8 and requiring the generalized idempotent 
law to hold. 
Clearly (Q,, x,) and (Q*,x,) are commutative. We have 
(3, (6, 3, S)‘, S}’ = (3, 1,8)’ = 5 and not 6, vialating L,,. Therefore, by 
Theorem 2.3, (Q, (, ,)‘) has exactly eight conjpgacy classes. 
THEOREM 4.4. There exists a ternary quasigroup of order 8 with exactly 
two conjugacy classes. 
Proof: Let {(Q,, oJ/i= l,..., 8) be replaced by the following set of quasi- 
groups, which are defined in a similar manner to (Q,, x,) and (Q*,xJ of 
Theorem 4.3. 
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(2 3 4) 
(2 5 6) 
(2 7 8) 
(3 5 8> 
(4 5 7) 
(3 6 7) 
(4 6 8) 
(5 3 7) 
(3 8 6) 
(6 4 7) 
(5 4 8) 
(1 2 6) 
(3 4 6) 
(6 7 8) 
(1 3 8) 
(3 2 8) 
(2 4 8) 
(4 1 8) 
(1 4 7) 
(3 1 7) 
(2 3 7) 
(4 2 7) 
(1 3 4) 
(1 5 6) 
(1 7 s> 
(5 3 8) 
(5 4 7) 
(6 3 7) 
(6 4 8) 
(3 5 7) 
(3 6 8) 
(4 6 7) 
(4 5 8) 
--tQ+,) - 
(1 2 4) 
(4 5 6) 
(4 7 8) 
(2 5 8) 
(5 2 7) 
(5 1 8) 
(6 2 8) 
(1 6 8) 
(1 5 7) 
(6 1 7) 
(2 6 7) 
(Qx 7 d - 
(1 2 5) 
(3 4 5) 
;: : ii{ 
(2 3 8) 
(4 2 8) 
(1 4 8) 
(4 1 7) 
(1 3 7) 
(3 2 7) 
(2 4 7) 
(1 2 8) 
(3 4 8) 
(5 6 8) 
(1 3 5) 
(5 3 2) 
(3 1 6) 
(4 1 5) 
(1 4 6) 
(4 2 6) 
(2 3 6) 
(2 4 5) 
-- 
(Q,, +> 
(1 2 3) 
(3 5 6) 
(3 7 8) 
(5 2 8) 
(2 5 7) 
(1 5 8) 
(2 6 8) 
(6 1 8) 
(5 1 7) 
(1 6 7) 
(6 2 7) 
(1 2 7) 
(3 4 7) 
(5 6 7) 
(3 1 5) 
(3 5 2) 
(1 3 6) 
(1 4 5) 
(4 1 6) 
(2 4 6) 
(3 2 6) 
(4 2 5) 
The basic method of construction is the same as that used in Theorem 4.3; 
however, here the triples belonging to (Q3, o& have been split in pairs with 
those of (Q4, OJ to form (Q3, XJ and (Q4, x,). The same type of splitting is 
done between (Qs, 05) and (Q6, 06) and also between (Q,, 0,) and (Q,, x8) to 
form (QS , x5), (Q,, x,) and (Q,, x,), (QS , xs), respectively. This splitting has 
been done precisely to ensure that LIZ is satisfied by the new ternary quasi- 
group (Q, L 2) constructed from { (Qi, xi), i = l,..., 8). By Theorem 2.3, 
I C(Q, L ,)‘>I = 2. 
Remark 4.5. The following construction, which also gives an example of 
order 8 with two or eight conjugacy classes, is due to the referee. 
THEOREM 4.6. Let H be any subgroup of S,. Then there exists a ternary 
quasi-group of order 8 whose conjugate operations are those in H. 
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Proof. Let n = rs where r > 4 and s > 2. If r = 4 let R be the additive 
noncyclic group of order 4, and if r > 4 let R be the additive group of in- 
tegers module r. Let G be the direct product of R and S, so that it consists 
of pairs (a, b) with a in R and b in S. 
For Y = 4, let a,, a2, u3, a4 be the four elements of R. For r = 5, let a,, 
a2, a3, a4 be the four nonzero elements of R. For r > 5 we let a, = 0, a2 = 1, 
a3 = 2, and a4 = r - 3. Then a,, a,, u3, and a4 are four distinct elements of 
R whose sum is 0. 
Let H be any subgroup of S,, the symmetric group on the four elements 1, 
2, 3, and 4. We now define 
where 
b, =-b, - b, - b,, 
in all cases, and 
e4= I-ee,--e2-e3 
if there is a rr in S,, rr not in H, such that b, = an>, b, = a,,, and 
e4 =-e, - e2 - e3 
otherwise. 
Then it can be shown that we have a ternary quasi-group whose conjugate 
operations are those in H. 
THEOREM 4.7. There exists a ternary quasi-group of order 10 with exac- 
tly eight conjugacy classes. 
Proof Consider the cyclic Steiner quadruple system of order 10, whose 
base blocks are { 1, 2, 4, 5}, ( 1, 2, 3, 7 i, and { 1, 3, 5, 8 i. (The remaining 
blocks are found by applying the automorphism M = (1, 2, 3, 4, 5, 6, 7, 8, 4, 
0) to the elements of these three blocks.) 
As in Theorem 4.3, consider the derived quasi-groups (Qi, oi), where now 
i = l,..., 10. For i = 1 and 2 we have 
582a!?‘?f2-7 
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(Qz, 9 
----_-_- 
(11-4-2~) 
(3 5 6) 
-------- 
(IlLS_B 
(3 9 10) 
--__-_ 
(.I!-3 71) ---_ 
(34 8> 
(67 8) 
(9 10 5) 
---__--_ 
(I!-529) 
(@-2--S>) ------ (46 9) 
(3 5 8) (57 9) 
(4 6 8) (5 8 10) j 
(3 6 9) (4 7 10) 
As in Theorem 4.3, we split all the triples, elfcept the circled ones, to obtain 
(Q,, x,) and (Q2, x2), leaving (Qi, oi), i= 3 ,..., 10 unchanged. 
(2 4 5) (1 4 5) 
(2 8 9) (1 8 9) 
(2 3 7) (1 3 7) 
(2 6 10) (1 6 10) 
;: ; ;; 
(6 3 9) 
(7 4 9) 
(7 5 9) (5 7 9) 
(6 4 9) (4 6 9) 
(7 4 10) (4 7 10) 
(6 5 7) (5 6 7) 
(3 5 6) (3 6 5) 
(6 7 8) (7 6 8) 
(8 7 lo} (7 8 lo} 
(4 6 8) (6 4 8) 
(3 4 8) (4 3 8) 
(4 3 10) (3 4 10) 
(10 3 9) (3 10 9) 
(10 9 5) (9 10 5) 
(5 8 10) (8 5 10) 
(5 3 8) (3 5 8) 
(Q,,xJ (Qz,xd 
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To see that L,, is not satisfied by the new ternary quasi-group (Q, (, , )‘), 
consider that (3, (3, 6,9>‘, 9)‘= (3,2,9>’ = 10, and not 6. Therefore 
I C(Q, (, ,)‘)I = 8. 
Remark 4.8. It may also be shown that there exists a ternary quasi- 
group of order 10 with exactly two conjugacy classes, using a variation of 
Theorem 4.7, similar to that used in Theorem 4.4. However, Theorem 5.1 
will provide a simpler proof of existence. 
5. CONCLUSION 
From the proofs of Theorems 4.5 and 4.6, one can see that as long as the 
triples of some (Qi, oi) and (Qj, oj), i +tj, can be split to form (Qi, xi) and 
(Qj, x~) as disjoint quasi-groups, then ternary quasi-groups with two or eight 
conjugacy classes can be constructed. However, many attempts were made 
to carry out a similar splitting process on quadruple systems of order 14, 
with no success. For II = 8 and 10, there is only one isomorphism class of 
quadruple systems, but .for II = 14, there are four and every type was tried. 
At present, no further attempt has been made to generalize this construction, 
However, from the examples given so far, certain infinite classes of 3- 
quasi-groups with two or eight conjugacy classes may be obtained: 
THEOREM 5.1. If q is any factor of n and if there exists a ternary quasi- 
group of order q with a specified number of conjugacy classes, then there ex- 
ists a ternary quasi-group of order n with the same specz>ed number of con- 
jugates. 
ProoJ: First note that for all n > 1 the 3-quasi-group (Q, (, ,)) defined 
by {a, b, c) = -(a + b + c) under addition modulo n, where 
{O, 1,2 ,..., n - 1) has exactly one conjugacy class. 
Suppose n =pq, p, q > 1, and consider (P = {O,p, 2p, . . . . (4 - l)p}, (, ,)>, 
which is a sub-3-quasi-group of (Q, (, ,>). Replace (P, (, ,>) in (Q, (, ,)) by 
a 3-quasi-group (P, (, ,)‘) which has a specified number c of conjugacy 
classes and call the resulting 3-quasi-group ((2, (, ,)‘). Then j C(Q, (, ,)‘)I 
will be c. 
THEOREM 5.2. A quadruple system of order 8 may be embedded in la 
quadruple system of order v E 4 or 8 (mod 12). 
Proof. See [7]. 
THEOREM 5.3. A quadruple system of order v may be embedded in a 
quadruple system of order 3v - 2. 
210 MARYMCLEISH 
Proof: See [3]. 
From these three theorems one may obtain the following concluding 
theorem. Parts (1) and (2) follow from Theorem 5.1. Using a a subsystem 
with one having the required number of conjugates, one obtains n = 4 or 8 
(mod 12) from Theorem 5.2. Using n = 4 (mod 12) in Theorem 5.3, one ob- 
tains the case n = 10 or 22 (mod 36). 
THEOREM 5.4. There exists a ternary quasi-group of order n having ex- 
actly two or eight conjugacy classes for every n > 5 such that one of the 
following holds : 
(1) n = 0 (mod 5), 
(2) n = 0 (mod 8), 
(3) n = 10 or 22 (mod 36), 
(4) n = 4 or 8 (mod 12). 
If n < 5, there does not exist any ternary quasi-group of order n with two or 
eight conjugacy classes. 
Remark 5.5. Aside from filling in the missing orders in Theorem 5.4, the 
problem remains of constructing quasi-groups which satisfy each of the 
identity sets of Theorem 2.2 exactly. 
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